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Abstract 

Let V be a vertex operator algebra and m,n > 0. We construct an A n (V)- 
A m (y)-bimodule A nym (V) which determines the action of V from the level m sub- 
space to level n subspace of an admissible V-module. We show how to use A n>rn (y) 
to construct naturally admissible V-modules from A m (V)-modules. We also deter- 
mine the structure of A n ^ m {V) when V is rational. 2000MSC:17B69 

1 Introduction 

The representation theory for a vertex operator algebra [B], |FLMj has been studied 
largely in terms of representation theory for various associative algebras associated to the 
vertex operator algebra (see [Z], |KW] . |DLM2| - [DLM4j . |MTj . [DZ], jXj). A sequence of 



associative algebras A n (V) for n > was introduced in |DLM3j to deal with the first n + 1 
homogeneous subspaces of an admissible module. These algebras extend and generalize 
the associative algebra A(V) constructed in jZ]. The main idea of A n (V) theory is how 
to use the first few homogeneous subspaces of a module to determine the whole module. 
From this point of view, the A n (V) theory is an analogue of the highest weight module 
theory for semisimple Lie algebras in the field of vertex operator algebra. 

Let M = 0^° =o M(n) be an admissible V-module with M(0) ^ 0. (cf. |DLM2| hThen 
each M(k) is an A„(V A )-module for k < n DLM3 . On the other hand, given an A n (V)- 
module U which cannot factor through A n -i(V) one can construct a Verma type admis- 
sible V-module M(U) such that M(U)(n) = U. Also V is rational if and only if A n {V) 
is semisimple for all n. So the collection of associative algebras A n (V) determine the 
representation theory of V in some sense. However, A n (V) preserves each homogeneous 
subspace M(m) for m < n and cannot map M(s) to M(t) if s ^ t. The goals of the 
present paper are to alleviate this situation. 

1 Supported by NSF grants, China NSF grant 10328102 and a Faculty research grant from the Uni- 
versity of California at Santa Cruz. 

2 Supported in part by China NSF grant 10571119. 
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Given two nonnegative integers m,n we will construct an A n (V)-A m (V)-bimoulde 
^n,miy) with the property that for any A m (V)-module U which cannot factor through 
A m _i(y) one can associate a Verma type admissible ^/-module M{U) = @kL M(U)(n) 
such that M{U){n) = A n ^ m {V) ®A m {v) U. The action of V on M(U){n) is determined 
by a canonical bimodule homomorphism from A p ^ n (V) ®A n {v) A n , m (V) to A Pim (V). Also, 
for a given admissible ^-module W = (& k>0 W(k) with W(0) ^ 0, there is an A n (V)- 
y4 m (y)-bimodule homomorphism from A ntTn (V) to Homc(W / (m), W(n)). So the collection 
of A nm (V) for all m,n G Z + determine the action of vertex operator algebra V on 
its admissible module W completely. This, in fact, is our original motivation to define 



If V is a rational vertex operator algebra, then V has only finitely many irreducible 
admissible V^-modules up to isomorphism and each irreducible ^-module is ordinary (see 
DLM2 ). In this case we let W l , ...,W S be the inequivalent irreducible admissible V- 
modules such that W*(0) 7^ 0. Then A n {V) is the direct sum of full matrix algebras 
A n {V) = ©* =1 ©fc =0 Endc(W / *(/c)). We show in this paper that if V is rational then 



The structure of A n>m (V) for general V will be studied in a sequel to this paper. 

We have already mentioned the A n (V) theory. In fact, the Verma type admissible 
V^-module M(U) has been constructed and denoted by M{U) in [DLM3J using the idea of 
induced module in Lie theory. But our work in this paper leads to a strengthening of this 
old construction. While the old construction in [DLM3J was given as an abstract quotient 
of certain induced module for certain Lie algebras, the new construction is explicit and 
each homogeneous subspace M(U)(n) is obvious. In the case that U = A m (V) we see 
immediately that © n>0 A n , m {y) is an admissible V^-module. We expect that the study of 
bimodules A n ^ m {y) will lead to a proof of some well known conjecture in representation 
theory. 

The result in this paper is also related to some results obtained in |MNTj where the 
universal enveloping algebra of a vertex operator algebra is used instead of vertex operator 
algebra itself in this paper. 

The paper is organized as follows: In Section 2 we introduce the A n (V)-A m (V)- 
bimodule A n ^ m {V) with lot of technical calculations. In Section 3 we discuss the various 
properties of A nim (V) such as the A n (V)-A m (V)-bimodu\e epimorphism from A ntm (V) 
to v4 n _i )m _i(V r ) induced from the identity map on V, isomorphism between A ntm (V) 
and A m , n {V) and bimodule homomorphism from A n>p (V) ®a p (v) A pm (y) to A nim (V). 
In Section 4 we first give an A n (V)-A m (V)-bimodule homomorphism from A nm (V) to 
Homc(W(m), W(n)) for any admissible K-module W = @' k L W{k). We also show how 
to construct an admissible V- module from an A m (V)-module which cannot factor through 
A m ~i(V) by using A n)m (V). In addition we show that A n (V) and A ntn (V) are the same 
although A n n {V) as a quotient space of A n (V) seems much smaller from the definition. 
The explicit structure of A n ^ m {V) is determined if V is rational. 



A n , m (V). 



A n ,m{V)= 0Hom c (iy J (m-O,^(n-/)) 
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We assume that the reader is familiar with the basic knowledge on the representation 
theory such as of weak modules, admissible modules and (ordinary) modules as presented 
in |DLM1| - jT7nvf2] (also see [TOT] . |TX]). 



2 A n (V)-A m (V)-bimodu\e A njTn (V) 

Let V = (V,Y, be a vertex operator algebra. An associative algebra A n (V) for any 
nonnegative integer n has been constructed in |DLM 3 to study the representation theory 
for vertex operator algebras (see below). For m,n G Z + , we will construct an A n (V)- 
^4m(V r )-bimodule A ntrn (V) in this section. It is hard to see in this section why A njm (V) is 
so defined and the motivation for defining A n>m {V) comes from the representation theory 
of V (see Section 4 below). 

For homogeneous u G V, v G V and m,n,p G Z + , define the product on V as 
follows 

^( m + n -V + i\v (l + z) wtu+m 
u* n m , p v = ^(-iy( Res 2 p+l+1 Y(u,z)v. 

i=0 ^ ' 

If n = p, we denote *™ by and if m — p, we denote *™ by *™ , i.e., 

2J-iW , Res 2 y(Ti,gK 



8=0 



i=0 

The products and will induce the right A m (V) -module and left A n (V)-module 

structure on A n>m (y) which will be defined later. 

If m = n, then u^v and u*^i> are equal, and have been defined in [DLM3J. As in 
|DLM3j we will denote the product by u * n v in this case. 

Let 0' nm (V) be the linear span of all uo^ti and L(—l)u+ (L(0) + m — n)u, where for 
homogeneous u G V and v G V, 

(l + £\wtu+m 

u o™ v = Res z - f— — — Y(u, z)v. 

Again if m = n, u oj^ v has been defined in |DLM3j where it was denoted by u o n v. Let 
O n (V) = 0' nn {V) (see jl)LM3j V The following theorem is obtained in |1)LM3| . 

Theorem 2.1. The A n {V) is an associative algebra with product * n with identity 1 + 
O n {V). 

We will present more results on A n (V) and its connection with the representation 
theory of V from DLM3 later on when necessary. In order to define A n ^ m (V) we need 
several lemmas. In the case that m = n most of these lemmas have been proved in 
DLM3j . But when m ^ n even if the old proofs given in |DLM3j work but they are much 



more complicated and need a lot of modifications. Sometimes we need to find totally new 
proofs. 
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Lemma 2.2. For any u,v G V, uo^v lies in n (V)*JJ l V. 
Proof: Let u, v G V. Then 



Thus 



i=0 v ' 

= {wtu + m+l) £(-!)* f m + ') Res ^^^ yfo ^ 



i=0 



+ $> + . + l)(-lW + Res / + J +t+2 Y(u, z)v 

i=0 ^ ' 

n /771 _|_ A (1 i 7 \wtu+m 

= -{v*u + m+l)Y,(-m J Res / + > Y(u,z)v 

i=Q ^ ' 

+ £> + i + i)(-i)<( m + 'V £±g y(v). 

1=0 ^ ' 



(L(-l)u + L(0)u)* n m v 

i=0 ^ ' 

+ £> + i + !)(-!)< (™ + *") Res, (i±£gpK( tI , ,)„ 
i=0 \ / - 



= (» - - - :'i-i^| n l1^ (1 ^ y(v)»> 



= (n + m + l)(-l) r 



m j 
n + m x 
m 



Note that L(— l)w + L(0)u G n (V). The proof is complete. □ 
The next lemma is motivated by the commutator relation of vertex operators and will 
relate the two products u^ n v and u *^ v. 

Lemma 2.3. If u,v G V, Pi,P2, m G Z + with p± + p2 — m > 0, then 

u*Z7r m v - v *z7r m « - + ^)^- 1+m ~ P2 ^(«, z)v g o; i+P2 _ m , m (n 

Proof: From the definition of 0' pi+p2 _ m m {V) , one can easily verify that 

-z 



Y(v, Z)U = (1 + ^-"rfu-t^-am+Pi+wy^ ) 

I + z 
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modulo 0' pi+p2 _ m;m (V) (cf. and jDLM2j). Hence 

i— n v / 



i=0 

(mod Op 1+P2 _ OT , m (^)) 

P2 



= D-d* r * >■ U — y <«- *>«■ 

i=0 V 7 

Recall the definition of w*!L 1 tf 2 ~"V Then 

' ><",t'\ 

u^ v v r m v - v ~ m u = Res z A PltP2 (z)(l + z) wtu ~ 1+m -^Y(u, z)v, 

where 

i=0 V 7 i=o v / 

The lemma now follows from Proposition 5.1 in the Appendix. 

The proof of the following lemma is fairly standard (cf. |DLM3j and [Z]). 

Lemma 2.4. For homogeneous u, v G V, and integers k > s > 0, 

Res ^ ^ w+ i +2+fc Y(u, z)v G Q^JV). 

Lemma 2.5. PFe W ^C^JF) C 0' n ^{V), 0' n ^{V) * n m V C 0> n , m {V). 
Proof: For homogeneous u,v G V and w EV, 

'm + A (1 + zi) wto+m ,, / (i + ^ 2 ^+^ 



£(-!)< " ^ ^ *i)Res ^:^ +2 Y(v, z 2 )w 

i=0 \ 1 / Z \ Z 2 

- ib^y ( m t R ^ (1 t^r m y(^ (1+ ^ir +m y K ^ 

i=0 \ 1 / Z 2 Z l 

(-!)•( < )E( , )E( fc 

i=0 v 7 j>0 v J 7 fc=0 v 

■Res 22 Res 2l _ Z2 2m+n+i+3+fc Y{Y(u, z l - z 2 )v,z 2 )w 

Z 2 

E, ,„■ An + A \ -s / wtu + m\ f—m — i — 1 
(-d( , )E( , JE( k 

i=0 v 7 j>0 v J 7 fc=0 v 

•Res 22 2m+n+i+3+k Y(u J+k v, z 2 )w. 

Z 2 



Note that the weight of Uj + kV is wtu + wtv — j — k — 1. By Lemma 12.41 we see that 
) lies in 0' n ^ m {V). 
By Lemma f2.3[ we have 



= Res 2 (l + z) wtu - l Y{u, z)(v o™ w) 

\wtu— ll __ 
TV," o ^2 

'wtu - 1\ r (1 + Z2 )^«+^+™-i-i(^ _ z 2 )J 



Res 21 (1 + z^^Res ^ \ + 2 ^ +2 z 1 )Y{v 1 z 2 )w 



Z! ura2 i~ z 2 n+m+2 

i>0 * •' ' 



E( wtu — 1\ 
I . J Res 22 Res 

i>o V J / 
■Y(Y(/U, 2Ti - z 2 )f, -22)"^ 

V^/wtu-A (1 + Z 2 )™tu+wtv+m-l-j 

i>o \ J / z i 

which is a vector in 0' nm (V) by the definition of 0' nm (V). As a result, (v iy)*^it g 
()' (V). 

Next we deal with L(—l)u + (£(0) + m — n)w G Oj, m (y). As before we assume that 
u is homogeneous. Then 

(L(-l)u + (L(0) + m - n)u)* n m v 
= B-Df * W y(£(-l)«,»). 

i=0 ^ ' 



+ E(" i n • J ( WtU + m ~ n ) ReS ^ z n+i+l Y (^Z)V 

^(-l) i+ M )(mtu + m + l)Res. 

i=0 \ 1 J 



_ _ _ fn 1 »\ fl 1 ~\wtu+m+l 

+ (^ + m-n)Res 2 l y(«,z)t; 

i=0 ^ ^ ' ^ 

f: ( -D« ( n + ! ) („ + i)Re 3 , (1 +;i; + r" y(n. 

i=0 ^ ' 

+ d-d* ( n vY n+i+ '^ "y^ 
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It is easy to show that the last expression is equal to (— l) m {n + m + l)( m ^ n )M o n v. By 
LeiiffliaO {L{-l)u + (L(0) + m - n)u)*^v belongs to 0' n m (V). 

Finally for l)u + {L(0) + m — n)u) we use Lemma f2. 31 to yield 

v* n m (L(-l)u + (L(0) + m - ra)it) - (L(-l)u + (L(0) + m - n)u)*> 
= Res,(l + z) 1 "*"-^^, + (L(0) + m - n)u) 

ViL(—l)u + {wtu + m — n)y I . \ViU 



f i . i ui±jy — ±ya t ^uynt t — ' <j ) y 

— r 



L (- 1 )T,( wtv ~ 1 )"<"+E 

i>0 ^ ^ i>0 



+ (wtu + m — n) } I . 



wtf — 1 



^ V • 

E (T + E (T+"i (i + l)v >" 

i>0 ^ ' i>0 ^ ' 

+ {wtu + m — n) I . I ViU 
v -\ fwtv — 1 



4* V , 

j>0 



1) + wtf — z — 1 + wtu + m — n)viU 



E 

i>0 



wtv — r, 

(L(— l)t>j-u + L(0)ViU + (m — n)viU) 



which is in 0^ m (V). So u*^(L(-l)tt + (L(0) + m - n)u) G 0^ m (V), as desired. □ 
We should remind the reader that our goal is to construct an A n {V)-A m {y)-hmiod\Ae 
A nt m(V) with the left action of A n (V) and the right action *^ of A m (V). The following 
lemma claims that the left action *™ and the right action commute. On the other 
hand, we do not need to prove this lemma as a bigger subspace O n ^ m (V) of V containing 
0' nm (V) will be modulo out. In fact, (a^b) *m c ~ a *m(b *m c ) * s an element of O n ^ m {V) 
(see Lemma below). But eventually we expect to prove that O m , n (V) and 0' nm (V) 
are the same although we cannot achieve this in the paper. 

Lemma 2.6. We have (a*™ 6)*^c— a*™ (6*^c) Zzes m 0^ m (V) for homogeneous a, b, c G V. 

Proof: The proof of this lemma is similar to that of Theorem 2.4 of [DLM3J. In fact, if 
m = n, the lemma is exactly the associativity of product * n in A n (V). 
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A straightforward calculation using Lemma f2.4l gives: 



{a* n J>) *^ c 



E(-D<r :*)b-i> 



k=0 v 7 1=0 

/-^ | £^wta+wtb+2m— j+i 



m + i 
i 



E 

i>o 



j 



■Res, 



z 



n+k+l 



F(a,_ TO _i_i6, z)c 



fc=0 



E(-i)'("t*)E(-D 



i=0 



v 

m + i 
i 



E 

i>o 



w£a + m 
j 



M _|_ ^ \wta^-wtb~'2rn—j~if^^ m—i—1 

•Res 22 Res 21 _ 22 — 7— , Y(Y(a,z 1 - z 2 )b, z 2 )c 



k=0 



n + k 



E(-D'( r)E(-D 



8=0 



Z 2 

m + % 
% 



Res 22 Res 2l _ 22 



(1 + 2l ) wta+m (l + Z2) Wt6+m+i (2l - Z 2 ) 



-m—i—1 



n+k+l 



-Y(Y(a, zi - z 2 )b, z 2 )c 



k=0 



EHift'lB-'f 



i=0 



m + i 
i 



E 



—m — i — 1 



(1 + ^)^a +m(1 + Z2 )^+" t+ i(_ ;g2) j 

•Res 21 Res 22 m +i+i+,- ^Xi Y ^ z i) Y ( b i 



fc=0 



k 



m+i+l+j n +k+l 

z x z 2 
n 



i=0 



i ( m + 1 

% 



E 



-m — i — 1 
J 



( I I „ \wta+m/-\ I 7 \wtb+m+i ~j 

•Res 2o Res 2l 1 - , lj , Unm l Y(b, z 2 )Y(a, z x )c 



rn 



+i+l+j z n+k+l 



•Res 2l Res 22 



fc=0 
n—i 



n + k 



E(-D' 



i=0 



E(-d j 

..7=0 

(1 + Zl ) wta + m (\ + z 2 ) 

~m+l n+fc+1 
^1 ^2 



-m — i — 1 



E 

1=0 



m + i 
i 

, 3+1 



1 



Z\ *l 



wtb+m 



-Y(a, Zl )Y(b,z 2 )c. 



The lemma then follows from Proposition 15.21 in the Appendix. □ 
In order to construct A niTn (V) we need to introduce more subspaces of V. Let 0'^ m (V) 
be the linear span of u*^ jP3 ( (a *j* jPa b) *% >Pl c- a*% p2 (b*% >pi c)), for a,b,c,u G V,p u p 2 ,p 3 G 
Z+, and OZ m (V) = E P ez + (V *Z O p (V)) * n m . p V. Set 



O n , m (V) = 0'(V) + 0"(V) + o'"{v). 
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Lemma 2.7. For Pl ,p 2 ,m,n G Z+ ; we have {V *™ iP2 O p2tPl (V)) V C O n>m (V). 

Proof: We first prove that (L(-l)u + (L(0) + Pi - p 2 )u) *» pi u G P2 (F) *^ p2 V, for 
homogeneous u eV and v £ V . In fact, 



(L(-l)u + (L(0)+ Pl -p 2 )u)^ 

ZJ" 1 ) ( < ) Res * z m +P2 - P1+ m Y(L(-l)u,z)v 

i=0 x 7 



i=Q 



j=0 v 7 

i=0 v 7 

= (-^ ( m P ? 2 ) ^ m+ ^ + W'^TV fr 

So by Lemma 2.2, (L(-l)u + (L(0) + Pl - p 2 )u) *^ pi u G P2 (\/) *^ 2 p2 V. Hence by the 
definitions of O' m (V) and O n>m (V), and Lemma 2.2, we have 

c v C, P2 ((0 M (V) *^ iP2 V) < pi F + P2 (V) < P2 V) + O n>m (V) 

c v *i, P2 (o P2 (v) *% P2 (v < pi v)) + (v *« o P2 (v)) * n miP2 v + o n , m (v) 
c *; 2 C lP2 (v <l P1 V) + O n>m (V) 

c o n>m (y), 

as required. □ 

Lemma 2.8. For anym,n,p G Z+, we /iave V*™ p O p , m (F) C O fl , m (V r ), n , p (V) *™ p V C 
O n , m (y). /n parto/ar, V*£O n , m (y) C O n , m (V) ; 'O n , m (\/) *» V C O n , m (V). 

Proof: By the definition of O njm (V) and Lemma 2.7, it suffices to prove that 

v* n m , p ((v o pl (\/))< pi v + oj m (v)) c o„, m (y) (2.i) 

and 

((V * n pi + ^(V)) C, p V C O n , m (V) (2.2) 

for pi,p G Z + . 
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We first prove (2.1). It is clear that 

v* n m , p ((v o pl (v))*^ pl v) c < P1 (o pl (y)< pl y)) + o n , m (v) 

c a^v) >c, P1 (o pl (y)*£ iPl v) + o n , m (v) 

c ((v^^v) *; o Pl (v))*s Hla y + o niJn (y) c o n , m (v). 

It remains to prove that V*^ p O''(V) C n , m (V). With u = 1 in the definition of 
0£ m (y) we have (a *™ jP2 6)*^c - a*^(6^ lC ) G O n , m (V). Thus 

u *m,p( u *m,p 3 (( a *pi,P2 ^)*m,pi c — a *m,p 2 (^*m,pi C ))) 

= (^*P3, P M ) C lP3 ((a *p!, P2 6)*^ - «< P2 (6< pl c)) 

= (mod o n , m (v)). 

So (2.1) is true. 

For (2.2), it is easy to see that ((V^O^V))*;^)*^ C (V*£O w (V))*J^(V*^ 
y) + 7lim (V') C O n)OT (y). Let a,b,c,u,v G V and Pi,p 2 ,P3,P G Z+, then 

(« *p,P3 ((« *£U b )*Zi c ~ « 

= « *™, P3 (((« "ftp, b K,n c - a *lUKl, c )) <p v ) 

= u *l iP3 ((a *ll p2 b) *™ pi (c *^ p v)) - u *l >p3 (a *^ p2 ((6 *^ pi c) *», „)) 

= « Cps (a < 3 , P2 (6 < Pl (c < P «))) - (« *« ip3 a) C, P2 ((6 ^ c) < p «) 

= (« *; 2lP3 «) *m lP2 (6 < Pl (c < P «)) - (« *; 2iP3 a) =C lP2 ((6 *^ pi c) < p «) 

= (mod O n , m (V)). 

The lemma is proved. □ 
We now define 

A n , m (V) = V/O n>m (V). 

The reason for this definition will become clear from the representation theory of V 
discussed later. The following is the first main theorem in this paper. 

Theorem 2.9. Let V be a vertex operator algebra and m,n nonnegative integers. Then 
A nt m(V) is an A n (V)-A m (V)-bimodule such that the left and right actions of A n (V) and 
A m (V) are given by and * 1 J n . 

Proof: First, both actions are well defined from the definition of O n ^ m (V) and Lemma 
12.81 The left ^4 n (y)-module and right A^V^-module structures then follow from the 
fact that 0'^ m (V) is a subspace of O n , m (V). The commutativity of two actions proved in 
Lemma 1231 asserts that A n>m (V) is an A n (y)-A m (y)-bimodule. □ 

Remark 2.10. We will prove in Section 4 that if m = n, the A n%n (V) defined here is the 
same as A n (V) discussed before. In particular, O n>n (y) and 0' nn (V) coincide. In other 
words, 0'n n (V), O'HJy) are subspaces of 0' nn (V). We suspect that this is true in general. 
That is, O n ,m(V) and its subspace 0' nm (V) are equal. It seems that this is a very difficult 
problem and we cannot find a proof for this in this paper. 
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3 Properties of A n , m (V) 

In this section we will discuss some important properties of A n _ m (V) such as isomorphism 
between A n)m (V) and A mtn (V), relations between A n ^ m {V) and Ai^iV) and tensor prod- 
ucts. Some of these properties will be interpreted in terms representation theory in the 
next section. 

First we establish the isomorphism between A n)m (V) and A m>n (V) as A n (V)-A m (V)- 
bimodules. To achieve this we need to define new actions of A n (V) and A m (V) on A m>n (V) 
so that A mtn (V) becomes an A n (V)-A m (V)-bimodu\e. Recall from [7] the linear map 
(ft : V — > V such that (ft(v) = e L ^(— l) L (°>v for v G V. Then (ft induces an anti involution 
on A n {V) |DLM3j (also see j7j,[DLM2j). We also use (ft at the present situation to define 
an isomorphism between A ntTn (V) and A myn (V). 

Lemma 3.1. For u,v G V define 

<nV = V*™ <f)(u), U- n m V = (j>(v)*™U. 

Then A miJl (V) becomes an A n (V)-A m (V)-bimodule under the left action 7 ^ by A n (V) and 
the right action by A m (V). 

Proof: Since <p(O m (V)) C O m (V) for any m (see [DLM3J), we immediately see that 
both actions are well defined. The rest follows from Theorem 12.91 and the fact that (ft is 
an anti involution of A m (V) for any m. □ 

Proposition 3.2. The linear map (ft induces an isomorphism of A n (V)-A m (V)-bimodules 
from A niTn (V) to A m ^ n (V), where the actions of A n (V) and A m (V) on A n ^ m (V) are defined 
in Theorem \2.ik and the actions on A m ^ n (V) are defined in Lemma \3. 11 

Proof: We first prove that (j){u^ p v) = (ft{v )*™ p (ft(u) modulo 0' mn (V) for u,v G V and 
p G Z + . Recall the identities 

(-i)^y(«, z)(-i) L ® = Y((-l) L V>u, -z) 

e L ^Y(u,z)e- L ^ = Y(e^ L ^(l - z)- 2L ^u, — ) 

I — z 

from |FLMj . We have the following computation with the help from Proposition 15.11 in 
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Appendix: 

\wtu+m 



^»> = *(»-l>'( m + 7' + *)R^ 



Y(u, z)v 



+n— p+i+1 



,i=0 

d-d- ( m + n r p + ! ) ^ ( xtl + > a,y ((-i) L <°v 

8=0 ^ ' 

Vf-lV + ™ ~ P + ^ Res S + ^) wt " +m 



i=0 



.y (e (i+^(i) (1 + zy^m^m^ __L)^(i)(_i)^(o) v 

X — I - 2 

£ ( _ 1)urtu+m+ n- P A" + n - P + A Regz (l + 
\ % J z 



j=o J - i=0 \ ' / 2 

•F(L(l) J M,2)e i(1) (-l) i(0) t; 

= £ (-!)■( T ) ( ;L ywyvi^m-". 

j=0 i=0 ^ ' 

-VH — Res z (l + 2)^ u ^- 1+n - p F(L(iy M ^)e i(1) (-l) i(0) ^ 
i=o J ' 

= 0(^)*-0( W ) (mod 0^ n (V)), 

where we have used Proposition 15.11 and Lemma 12.31 in the last two steps. In particular, 
= <t>{v) *™ (j){u) modulo 0; >m (y) and = 0(^)*^T0(^) modulo O^V) 

for u,v eV. 

We next prove that 4>(O nm (V)) C mn (V). Take v = Res z ^^l m+i Y(a,z)b £ 
0' n>m (V). Then 

= Res z e^)(-l)^ ll + ^ +2 y( fl>g )6 



ReS2e ^i)ii±^__y( e (i+^(i)(l + z )- 2i (°)(-l)M°)a, _Z£-) e *(i)(_i)*(°)& 

/l I „\wta+n 

n+1 I 1 ^ 



Res z (-ir tQ+m+ " +1 1 J n ^ +2 y (eTTi^)a, Z )e i «(-1) L (°)6 



Res 2 (-l)^ +m+ " +1 £ V + X +2 y(L(iyo, ^«(-l)^& e O^V). 
i=o J - z 
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For u <EV, we have 

4>{L(-l)u + (L(0) + m - n)u) 
= e L(1) (-l) L(0) Res z (F(cu, *)« + zY(uj, z)u) + (m - n)e L «(-l) L (% 
= e L(1) Res 2 (r(^, -2) + zY(u, -z)){-l) m u + (m - n)e L(1) (-1) L(0) « 

= Res z (l + z)y(e( 1+ ^ L «(l + ^)- 2L (°)(-l) L (°)^ -Z^) e ^)(-l) i (°) M 

1 + z 

+ (m-n)e L «(-l) L(0) M 
= Res 2 (-(1 + zf + ^(1 + z))Y(e (1+z ^ lL ^u, z)e L{1 \-l) m u 

+ (m-n)e L ^(-l) L ^u 
= -(L(-l) + L(0)) e L «(-l) L (°) M - (n - m)e L ^(-l) L ^u G 0' m jV). 

SO WnjY)) C 0^ B (V). 

Let « G C; ip (y), «; G C^JV), v G V. Then 0( M ) G O^V) and 0(w) G 0^ p {V). 
From the proof above, we have 0(ii*^ ip t>) = 0(f) *™ p 0(w) and 0(i>*^ l pU>) = (ft(w)*™ p (f)(v) 
modulo 0' mn (y). Thus by Lemma 2.7 and the definition of O m>n (V), 

W * n P1 o P1 (v)) * n m , pi v)cv < P1 4>{v *» o pl (y)) + c m>B (v) 

C V < Pl (O w (V) < Pl V + 0' P1 JV)) + O m , n (V) 
<^{V*™0 Pl {V))*™ pi V + O m , n {V) 

c o m , n (n 

That is, 0(O- m (V)) C O m , n (V). 

Finally we deal with 0'^ m (V). For u, a, b, c G V, by the discussion above, we have 

= <K(« *£, P2 &)< Pl c - a< P2 (&< Pl c)) < P3 0(«) (mod O^V)) 
= [0(c) *™ pi 0(a ^ 6) _ 0( 6 ^ piC ) *- p2 0( a) + Xl ] *™ p3 

for some x 1 G 0^ p3 (V). Since by Lemma 2.7, 0^ p3 (V) *™ p3 F C O mjn (V), we have 

0NC, P3 ((« * P P l, P2 bKl Pl c - a< P2 (6< pi c))] 
= [0(c) * P "L P1 (<K&) *£U + x)] < P3 0(«) 
-[(0(c) * p m 2lPl m + y) * p m 3>p2 0(a)] < p3 0( M ) 

for some x G Op iP3 (V) and y G O^p^V). By Lemma 2.7, we have 

(0( c ) * P m a, P1 o; ilP3 (^)) < P3 <f>(u) c o m , n (y) 

and 

(o^GO C 0(«))< P3 *(«) 

= 0; tiP2 (V) < p2 (0(a) 0( M )) (mod O m , n {V)) 
C O m ,„(V). 
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Hence by Lemma 2.8, we have 

= W) (<K & ) *ll, P2 <K*)) - (t(c) *™, P1 <K & )) * P m s, P2 <!>(*)] <ps ^ 

= (mod O mtn (V)). 

Thus : A n>m (y) — > A m>n (V) is a well defined bimodule isomorphism. □ 
It is proved in jDLM3j that the identity map on V induces epimorphism of associative 
algebras from A n (V) to A m (V), for m < n. A similar result holds here. 

Proposition 3.3. Let m, n, I be nonnegative integers such that m—l, n—l are nonnegative. 
Then A n _^ m _i(V) is an A n (V)-A m (V) -bimodule and the identity map on V induces an 
epimorphism of A n {V)-A m {V)-bimodules from A n ^ m {V) to A n _^ m _i(V). 

Proof: It is good enough to prove the results for 1 = 1. We first show that u * p 3 lP2 v 
v *^ll iP2 _i v modOp 3 _ lpi _ 1 (V r ), for pi,p 2 ,P3 G Z+. Let u be homogeneous. Then 



P2 

1! = 

Pl,P2 



f (Pi +P3-P2 + A z)v (±±jf^l 

Z-^/ \ I I Z Pl+P3~P2+t 

i=0 v 7 



/2 Pl+P3-P2+'«+l 



, + lV p v , , (1 + Z )wtn +Pl -1 

g/ Pl + P3 -p 2 + ,y 1)iRes ^ (ii ^(ij 



i=0 

P2-2 



+ Z^( j ) Res ^K *) P1+P3 _ P2+W (mod o P3 _ liP1 _ x (y)) 
V (-1)' f Pl + Ps ~ 1 ~~ P2 + ^ + V (-1)' ( Pl+P3 ~ 1 ~ P2 + i 

. i=0 ^ ' ' i=l ^ i 1 

•Res 2 F (it, ^ — - 

_ P3 — 1 

— M *pi-l,p 2 -l U - 

In particular, we have w *™ t> = u 11 m od O^-im-iOO and w*"f = 
mod O l n _ lm _ 1 iy). It remains to prove that O ntTn (V) C n _i jm _i(V). Clearly, 0' nm (V) C 
°n-i, m -i(^) by Lemma I2~H Recall from jDLM3j that O m (V) C m _i(V) for any m. Us- 
ing the relation w*^ P2 V = u *pl-l P2 -i v m °d O p3 _i pl _i(U) and Lemma 2.7 and the defini- 
tion of n , m (V), one can easily show that 0'^ m (V) C O n _ 1 , m _ 1 (y), (^O^^J^y C 
O n _i, m _i(V). □ 
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We next study the tensor product A n ^(V) ®a p (v) A Ptm (V) which is an A n (V)-A m (V)- 
bimodule. 

Proposition 3.4. Define the linear map ip : A njP (V) ®a v {v) A P)m {V) — > A n ^ m (V) by 

^{u ®v)=u *™ >p V, 

for u®vE A n ^ p {y) ®a p {v) A P)m {V). Then ip is an A n (V) — A m (V)- bimodule homomor- 
phism from A n ^ p (V) ®a v {v) A p ^ m (V) to A n ^ m (V). 

Proof: First we prove that ip is well defined. By Lemma 2.8, if u G O n , p {V) or v G 
P)m (y)i then ip{u <g> v) — 0. For u G A n ^ p {V),w G A p (V),v G A PtTn (V), we have 

*p, P w)®v) = (u *l p w) *™ iP V 

= u =C, P (w * p m:P v) = if;(u ® (w v)). 

Therefore ip is well defined. 

For a G A n (V), b G A m (V) and u ®v G A njP (V) ®a p {v) A Pjm (V), by the definition of 
A n ,m(V), we have 

a*™ ip(u <g> v) = a*™ (u *™ >p v) = (a*%u) =C, P v = ® «); 

V>(u <8> v) *l b = (u *l >p v)*^b = u * n m>p (v * p m b) = ^(u <g> {v * p m b)). 

□ 

It is worthy to point out that the map ip is not surjective in general. For example, if 
V = is the moonshine vertex operator algebra constructed in |FLMj then V is rational 



(see H3, |DHH] and [Ml) and V 1 = 0. Thus by Theorem P5I below. A 2A (V) = and 
A 2 ,2(V) ^ 0. This shows that A 2il (V)® Al{v) A 1>2 (V) = and ip : A 2il (y)® Al(v) Ai >2 (V) -> 
A 2 (l/) is the zero map. 

4 Connection to representation theory 

Let M = neZ+ M(n) be an admissible ^-module such that M(0) ^ (cf. jDLM2| ). 
For m G V, define o n>m (u) : M(m) M(n) by 

°n,m( u ) w = u wtu+m-n~l w j 

for homogeneous it G V and io G M{m) where u Ml „ +m _„_i is the component operator of 



-re-1 



The following lemma gives the representation theory reason for Proposition 13.41 
Lemma 4.1. Let a,b G V , m,n,p G Z + and w G M(m), then 

o n ,m(a *™ jP 6)w = o niP (a)o Pjm (&)w. 
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Proof: We have the following computation on M(m) : 

On, m (a*m, p b) = o n , m n (-1) ^ . )Res z ^ w+m _ p+w Y(a,z)b 

E( i\if n + m -P + A fwta + m\ 

i= ^ 1 y j=0 \ 3 J 

— ly f n + m ~ p + ^\ W y^ m f wta + m 

i=0 ^ 2 ' j=0 ^ ^ 

•Res 22 Res 21 _ 22 (^ - Z2 y-n-rn +P -i-i^ta +w tb- j+i+ 2 m -p-i Y( y^ Zi - z 2 )b,z 2 ) 



J2(-iy ( n + m ~ p + ^ 

i=0 ^ ' ' 



•Res 22 Res 2l _ 22 zf a+m (^i - ^)- n - m+ ^- 1 ^ +J+m ^- 1 r(F(a^ 1 - z 2 )M 2 ) 

E, I n + m - p + i\ sr ^ ( -n - m + p - % - 1 

n + m — p + i\ v—v / — n — m + p — 2 — 1 



-D-D' 7 B 

i=o v 7 j=0 v J 

•Res Z2 Res 2l (-z 2 )-"- m+p - i - 1 -^^f a+m ^f 6+i+m_p "V(fc, z 2 )y(a,zi) 



»=o ^ 1 ' j=o V J / 

' Q<wta—n+p—i—j —lbwtb+i+j+m—p—l 

n + m — p + i\ /— n — m + p — i — 1 



d-d* r £ 

i=0 ^ ' j=0 

'( 1) ^ bwtb—n—2—j a wta+m+j 

'n + m — p + i\ f—n — m + p — i — 1 



k — i 



k=0 i=0 
'Q"wta— n+p— k— lbwtb+m— p+k— 1 

x n + m — p + A / — n — m + p — 2 — 1 



i=o 7 i=o v J 



'(1) ^ b'wtb—n—2—jQ'wta+m+j- 

Note that a wta +m+j = £w&+m-p+fc-i = on M(m) for j > and fc > p. Also, 



k 



i=0 



^ n + m _ p + A/_ n _ m +p_ ! _ 1 fc = li2 ,..., p . 



k — i 
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The proof is complete. □ 
Corollary 4.2. For u,v G V and w G M(m), we have 

O n ,m(u *™ v ) w = n ,m(u)0 mim (v)w, 0„ im (u*™ f )w = O n , n (u)o n , m (v)w . 

Let W be a weak V^-module and m G Z+. Following DLM2 we define 

^(W 7 ) = {w G Wlw^-i+feiu = 0,for all homogeneous u EV and > m}. 
By Corollary IO or |DLM3| we have: 

Theorem 4.3. Let W be a weak V -module. Then Q m (W) is an A m (V) -module such that 
a + O m {V) acts as o(a) = a wta -i for homogeneous a G V . 

We also have the following theorem from DLM3 . 

Theorem 4.4. Let M = ©^1 M(k) be an admissible V -module such that M(0) ^ 0. 
Then 

(1) ©fcL M(fc) is an A m (V)-submodule offl m (M). Furthermore, if M is irreducible, 

n m (M) = ^ =0 M(k). 

(2) Each M(k) is an A m (V)-submodule for k = 0, ...,m. Moreover, if M is irreducible, 
each M(k) is a simple A m (V) -module. 

We are now in a position to understand the representation theory meaning of A nt7n (V). 
First observe that Honic(M(m), M{n)) is an A„(l / )-A m (V r )-bimodule such that (a ■ f ■ 
b)( w ) = af(bw) for a G A n (V), b G A m (V), f G Hom c (M(m), M(n)) and w G M(m). Set 

O n ,m{V) = {0 n>m (v)\v G V}. 

Proposition 4.5. The o n-m (V) is an A n (V)-A m (V)-subbimodule of Home (M(m), M(n)) 
andv I— > o n ^ m (v) forv G V induces an A n (V)-A m (V)-bimodule epimorphism from A nrn (y) 
to o ntTn (V). 

Proof: Clearly, o n , m {V) is an A n (V r )-A m (V r )-subbimodule of Homc(M(m), M{n)) by 
Corollary 14.21 The same corollary also shows that the map v 1— > o nm (f) is an A n (V)- 
A m (y)-bimodule epimorphism if we can prove that o„ jm (c) = for c G O n ^ m (V). First 
let c G 0' nm iy). If c = L{-l)u + (L(0) + m - n)w, o n>TO (c) = is clear. If c = w v, 
then by Lemma l2~2l we can assume that c = for some a G O n (V) and 6 G V. Since 
o(a) = we see from Corollary 14.21 that o„ )m (c) = 0. Next we assume that c G 0" m (V). 
Using Lemma l4~Tl repeatedly shows that o njm (c) = 0. Finally take c G 0"' m (V). Again by 
Lemma EH] and Corollary 14.21 o„ i?n (c) = 0, as desired. □ 

It is proved in [DLM3 that for any given A m (l/)-module U which cannot factor 
through A m _i(V) there is a unique admissible ^-module M{U) = (&™ =0 M(U)(k) of 
Verma type such that M(U)(m) = U. The construction of M(U) is implicit in [DLM3 . 
We now recover this result and give an explicit construction of M(U) by using the bi- 
modules A n)m (V). As a byproduct of this construction we can determine the structure of 
A n ^ m iy) explicitly if V is rational. We also expect that this new construction of M(U) 
will help our further study of representation theory of V. 

We need the following result on the relation between A n;n (V) and A n (V) : 
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Proposition 4.6. For any n > 0, the A n (V) and A n ^ n (V) are the same. 

Proof: It is good enough to prove that any A n (V)-modu\e U is also an A nin (V)- 
module. Recall from the definition of A n (V) and A n>n (V) that A n (V) = V/0' nn (V) 
and A n , n {V) = V/O n , n (V) where O n>n {V) = 0' n jV) + O'^JV) + O ™ (V) S o we have to 
prove that 0" n (V) + 0'^ n (V) acts on U trivially. By Theorem 4.1 of jDLM3j . there exists 
an admissible K-module M = ©^1 M{k) such that M{n) = U. We can not assume and 
do not need to assume that M(0) ^ 0. Note that the action of A n (V) on U C M comes 
from the A n (l/)-module structure. This is, for v G A n (V), o{y) = o„ in (i>) is the module 
action of A n {V) on U. By Lemma l4~T1 we immediately see that 0" n (V) + 0'^ n (V) = on 
U, as desired. □ 
Let U be an y4 m (V)-module which can not factor through A m _i{V). Set 

M(U) = A n>m {V) ® Am{v) U. 

Then M{U) is naturally Z + -graded such that M{U){n) = A n ^ m {V) ®A m {v) U. By Propo- 
sition M(U)(m) and U are isomorphic A m (V)-modules. The M(U) will be proved to 
be the M{U) defined in |DLM3j . 

Recall Proposition 13.41 For u G V, and p, n G Z, define an operator u p from M(U)(n) 
to M(U) (n - wtu - p - 1) by 



u p (v ® w) 



0, if wtu — 1— p + n<0, 



for i; G A„ m (V) and w G U. We need to prove that u p is well defined. Let v G On, m (V) 
and w G 17. By Lemma 2.8, it <T p ~ 1+n i; G 7 *3T*- 1+n O n , m (y) C £W p _ 1+n , m (y), 
so we have u p (v <g> w) = 0. Now let a G A m (y), u G A n m {V), w E U. Then 

*» a) ® «,) = (it <r P ~ 1+ " (t> *™ a)) ® w 
= (« *™r P ~ 1+n «) ® a • w = Up(v ®a-w). 



Thus -Up is well defined. Set 



u p z- p -\ 



Y M (u,z) = ^ 

p& 

Lemma 4.7. For homogeneous u & V , v <g> w G A nim (l/) ®A m (y) ^ owe? p G Z ; we /jat> e 
(%) w p (i> (g) w) — 0, for p sufficiently large; 
(2)Y M (l,z)=id. 

Proof: (1) is clear and we only need to deal with (2). By the definition of u p , we have 
l„( v ®«,) = JJ(-l)*f ^ ) W J + , (y(^,^)(g) W 



i=o ^ ' j=o ^ 
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Thus l p (v ® w) = if p < — 1 and l_i(t> (g> u>) = v <S> w. Clearly, l p (v <E> w) = if p > n. 
If — 1 < p < n, then 

p+i 

v , / m — p — i tJ \ / r« \ 



i=0 





p + 1 



That is, Ym (1, 2) = id. □ 
We next have the commutator formula: 

Lemma 4.8. For a,b G V, we have 

[Y M {a, z{),Y M (b, z 2 )\ = Res ZQ Z2 l 5(— — —)Y M (Y(a, z )b, z 2 ), 

z 2 



or equivalently, for p,q G Z 

lp+q—i- 



i>0 w 



Proof: Recall Lemma 12.31 and the definition of A n ^ m {V). For p, q G Z and u <g> w G 

^4n,m(V r ) <SU m (V) ^ we need to prove that 



OO , V 

a p b g (v ®w) — b q a p (v ® w) = E ( . ) 



(ai6) p+g _i(t; ® tu). 



i=0 

It wta + wtfe — p — q — 2 + ?2<0, this is clear from the definition of the actions. So we 
now assume that wta + wtb — p — q — 2 + n >0. If wta — p — 1 + n, wtb — q — 1 + n > 0, 
then by Lemma [2.31 we have 

a p b q (v (g> w) — b q a p (v ® w) 
= a P (b *^n q ~ l+n v)®w- b q {a =C'n~ p_1+n u) ® w 



n,wtb— q— 1+n 

((Res 2 (l + z) p r M (a, *)&) *^+«*-i»-»-2+n ^ w 



i=0 W 

E Q (aj6)p +g _i(t; ® w). 



V) <£)W 
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It remains to prove the result for wta — p — 1 + n > 0, wtb — g — 1 + n < Oor 
wta — p — 1 + n < 0, u>t6 — g — 1 + n > 0. If wta — p— 1 + n < 0, u>£6 — g — 1 + n > then 

b q a p {y <S> w) = and 



aA(^ ® «0 - 6 9 a p („ ® «;) = ((a ^S^T** 1 6) *%+°»-™-*+« v) ® «, 
= ((Res 2 (l + ^) p r M (a, 2)6) ^^-p-^" 

= ( ^ ) ( a i & )p+g-*( w ® w ) 
i=0 W 

where we have used Lemma 14.91 below. Similarly, the result holds for wta — p — 1 + n > 
0,wtb - q - 1 + n < 0. □ 

Lemma 4.9. Lei u,v G V and m G Z + , pi,£>2 G Z such that pi + P2 — m > 0. If 
Pi > 0,^2 < 0, taen 

w*Kf 2 " m ^ - Res 2 (l + z) wtu - l+m -^Y{u, z)v G O^^OO 

and if p\ <0,P2> 0, then 

-« - m u - Res 2 (i + z r u - i+m -^Y(u, Z )v g o; l+P2 _ mi jn 

Proof: This lemma is similar to Lemma 12.31 where both p\ and P2 are nonnegative. If 
P2 < or pi < 0, then v *^^ 2 ~ m u or ■u*^+*' 2 ~ m i; * s n °t defined. But we do need a version 
of Lemma 12.31 with either p\ < or p2 < in the proof of previous lemma. 

First we assume that p\ > 0,p2 < 0. Then — p2 — 1 > 0. From the definition, we have 



-sir-" = £ (~T 1 ) Res « F( "- z)t, ^. + . 



Since Res 2 F (u, z)v ^ + Jll7+[ - G Op i+p2 _ m m (V) if i > pi we see that 



wtu + m 



i=0 



Res 2 >>, V (1 + -)-«- 1 

Res 2 F(-a, z)v(l + z 



wtu+m—p2 — l 



So in this case we have done. 

If p\ < 0,£>2 > then the result in the first case gives 



v * 



£+f ~ m u = Res 2 Y>, z)u(l + z )^+m-Pi-i 



modulo O' , mm (V). Using the identity 



Y(V, Z)U = (1 + 2 )-^-^-2m+p 1+P2 y^ ) ?_) v 
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modulo 0' pi+p2 _ mm (V) we see that 

Res z r(w, z)u(l + z )^+ m -pi-i = R eSz Y{u, y^)v(l + z )-^- m+P2 -i 
= -Res z Y(u, z)v{\ + z )Mm- P 2-\ 
The proof is complete. 
Lemma 4.10. For i G Z+, we have 

Res Z0 4(z + z 2 ) wta+n Y M (a, z + z 2 )Y M (b, z 2 ) = Res Zo zl(z 2 + z ) wta+n Y M {Y(a, z )b, z 2 ) 
on M(U)(n) forn G Z+. 

Proof: Since a wta+n = on M(U)(n), we have 

Res 2l (^ - z 2 yzf a+n Y M (b, z 2 )Y M (a, z x ){v ®w) = 0. 

Thus on M(U)(n), we have 

Res Z0 4(z + z 2 ) wta+n Y M (a, z + z 2 )Y M (b, z 2 ) 

= Res 2l (^ - z 2 Yzf a+n (Y M (a, Zl )Y M (b, z 2 ) - Y M (b, z 2 )Y M (a, Zl )) 

= Res Zl ( Zl - z 2 yzr ta+n [Y M (a, z x ), Y M {b, z 2 )} 

= Res^Res^ - z 2 yzf a+n z^S(^^)Y M (Y(a,z )b, z 2 ) 

z 2 

= Res^Res^ (z 2 + z o r ta+n z^6(^^)Y M (Y(a, z )b, z 2 ) 

= Res Zo z^z 2 + z ) wta+n Y M (Y(a, z )b, z 2 ), 
where we have used Lemma [4.81 
Lemma 4.11. For I G Z + , we have 

Res Z0 Zu l (z 2 + z o r ta+n zf b - n Y M (Y(a, z )b, z 2 ) 
= Res^^o + z 2 ) wta+n zf b - n Y M (a, z + z 2 )Y M (b, z 2 ) 
on M(U)(n) forn > 0. 

Proof: Take v ® w G A n>m (V) ® Am {v) U = M(U)(n). Then 

Res Z0 Zu l (z 2 + z ) wta+n zf b - n Y M (Y(a, z )b, z 2 )(v ® w) 

I . U 2 J Y M (a j - l b,z 2 ){v (g)w) 



^2 ( WCL+ j ^ Z 2 l+k n+1 (aj-lb)wta+wtb-j+l-2-k+n(v ® w) 
Z 2 l+k - n+1 £ ( Wta i +n ) ^nV) ®W 



(Res 2 L^ Y (a, z)b) <„ v) ®w 



fcez + 

21 



On the other hand, we have 

Res zo zo l (z + z 2 r ta+n zf b - n Y M (a, z + z 2 )Y M (b, z 2 )(v ® w) 

= J2 (~ l )(- 1 ) ia ^a+n-l-iZT b - n+i Y M {b,Z 2 )(v®w) 

= E ( • ji^y^ta+n-l-i ^ Z 2 n+l+Jh wtb-l-j{v ® w) 
i£Z+ ^ 1 ' j>-n 



«+i+j>i 



bez+ i=-n ^ J J 

k+l+n—l / , \ 

E E ^ n+fe+M (-i) fe+1+ "^U +1 ^ 



fcez + j=o 
So it is enough to prove that 

k+l+n-l 

(—1 )k+l+n-j-l ( 

k + l + n-j-lj""""* 3 " z 



j=0 

But 



-1-1-71— I / j \ 

j=0 \ 1 1 7 i=0 v 

Res 2 ^— 4— -E(a, z)6 

z ^n+fc— j-M+1 v ' > 

^ E (-D J C) E (-D'f 



By Proposition 15.31 in Appendix, we see that 

fc+l+n-Z / A fc+n+l-/-j /; , ■ , • i\ 1 i 

E (-<"' E (-)* ,+J t -O^-y 

j=0 V J 7 i=0 V 7 

This finishes the proof. □ 
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Corollary 4.12. For n G Z+, we have 

(z 2 + z ) wta+n Y M (Y(a, z )b, z 2 ) = {z + z 2 ) wta+n Y M (a, z + z 2 )Y M (b, z 2 ) 
on M(U){n). 

Proof: The corollary is an immediate consequence of Lemmas 14.101 and 14.111 □ 

We now can state another main theorem of this paper. 

Theorem 4.13. Let U be an A m (V) -module which can not factor through A m ^i(V), 
then M(U) = 0„ eZ 4,m(^) ®A m (v) U is an admissible V -module with M(U)(0) = 
A),m(^0 ®A m (V) U 7^ and with the following universal property: for any weak V -module 
W and any A m (V)-morphism : U — > Q m (W), there is a unique morphism : M(U) — > 
W of weak V -modules which extends 0. 

Proof: Since m*™1 = u, for u G V and 1 G A m (V), it follows that M(U) is generated 
by U = A m ^ m (V) ®A m (v) U by Proposition 14.61 The fact that M{U) is an admissible 
V-module follows from Lemmas 14 . 7H4 . 81 and Corollary 14. 121 In fact, from the construction 
of M(U) and Lemma 14.71 every condition in the definition of an admissible module (cf. 
DLM2]) except the Jacobi identity is satisfied. It is well known that the Jacobi identity 
is equivalent to the commutator formula obtained in Lemma 14.71 and associativity in 
Corollary EH If M(U)(0) = A 0im (V) ® Am (v) U = 0, then U will be an (V)-module, 
a contradiction. So M(U)(0) ^0. 

It remains to prove the universal property of M(U). Define the linear map: : 
M(U) -> W by 

4>(U ®w) = O nim (u)<f)(w), 

for u G A n>m (V) and w G U. To be sure that is well defined, we need to prove that 

0((w *™ v) <g> w) = 0(« g) v ■ w), 

for u G A niTn (V), v G A m (V) and w G U. Indeed, by Corollary 14.21 and the fact that is 
an A m (V)-morphism, we have 

0((« *™ V)®W) = O n)m (u *™ v)<f>(w) = On tm {u)o(v)4>{w) 
= On : m(u)<j)(o(v)w) = (j)(u <g> o(v)w). 

Hence is well defined. 

For homogeneous u G V , v (g> w G A ntTn (V) ®A m (v) U and p G Z, by Lemma 4.1, we 
have 

® «o) = *sr p_1+n «) ® «o 

= <w p _ 1+n , m (u *j;- p - 1+n <;)0H 

= O w t u _p_i + „ )n (M)o n>m (u)0(w) 

= cw u _ p _i +nin (w)0(v <g> u>) 
= u p 4>(v ® tu). 

This means that is a morphism of weak V^-modules. It is clear that extends 0. □ 
From the universal property of M(U) we immediately have 
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Corollary 4.14. The M(U) is isomorphic to the admissible V -module M m (U) constructed 
in WLMtf . 

Remark 4.15. In the case U = A m (V), then M(U) = ® n>0 A ntm (V) is on admissible 
V -module for any m > 0. On the other hand, it is easy to see that © n>0 ^4n(^) is not 
an admissible V -module. We certainly expect that the admissible module © n>0 A n>m (V) 
will play a significant role in our further study of representation theory for vertex operator 
algebras. 

Finally we study the A n (V)-A m (V)-bimodxi\e structure of A niTn (V) if V is rational. 
The result below is not surprising from the representation theory point of view. Recall 
from |DLM3j that if V is rational then there are only finitely irreducible admissible V- 



modules up to isomorphisms and each irreducible admissible module is ordinary. 

Theorem 4.16. If V is a rational vertex operator algebra and = ©„> W^(n) with 
Wi(0) for j = 1,2, •• • , s are all the inequivalent irreducible modules ofV, then 

min{m,n} / s 

A n ,m(V)= 0Hom c (^(m-/),^(n-/)) 

1=0 \ i=l z 

Proof: Since V is rational, A n (V) is isomorphic to the direct sum of full matrix algebras 
0I=i 0Lo Endc(W*(Jfe)) by Theorem 4.10 of |DLM3| . So as an A„(V>A m (V)-bimodule, 

s 

A n>m (V) = c h ^ q Rom c (W l (p), W\q)) 

i,j=l 0<p<m,0<q<n 

for some nonnegative integers Cjj )P)? . So we need to prove that Cij jPjq = if i ^ j or 
(p, q) (m — l,n — I) for some < / < minjm, n} and Ci t i tm -^ n -i = 1. 

We need a general result. Let U be an irreducible A p (V A )-module which is not an 
A p _i(V)-inodule. Then M{U) = Ak tP (V) ®a p (v) U is an admissible V^-module gen- 

erated by U by Theorem 14.131 Since V is rational, M(U) is a direct sum of irreducible 
K-modules. Note that M(U)(p) = U generates an irreducible submodule of M(U). This 
shows that M(U) is irreducible. 

Consider irreducible admissible V^-module M = ©£L A^ m (V) ®A m {v) W l (m). Then 
M is isomorphic to W l . Thus each M(k) is isomorphic to W(k) as Afc(V)-module. In 
particular, A n>TO (V) ®A m {v) W l (m) is isomorphic to W l (n). This shows that Ci^ mtn = 1 
and all other Ci,j, m ,q = if either j ^ i or q ^ n. 

Next we consider M = ®™ =0 A kjm (V) ® Am (v) (W^m) + W\m - 1)). Then M is 
isomorphic to W i W\ M(k) = W^k) ^W\k- 1) for k > 0, and M(0) = W\Q). This 
implies that Ci,i,m-l,n-i — 1 an d Ci,j,m-i,q = if jj^i or q^n — 1. Continuing in this way 
gives the result. □ 



5 Appendix 

In this section we present several identities involving formal variables used in the previous 
sections. 
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For to, n G Z + , define 

m 



n + i\(l + z) 



n+l 



Z 



n+i+1 



i=0 x 7 i=0 

Proposition 5.1. For all 

Proof: We will prove that A myn (z) = A m ^ n+ i(z). 

\n+2 "+ 1 



TO + i\ (1 + -z) 1 



m+i+1 



m 



Un+l(^) = ^(-i) 
i=0 



n + i + i\(l + z 

i 



D-D 

_i=0 

-E(- i r 



n + z 

% 



i=l 



Z 



n+i+2 



i=0 



TO + A (1 + z) 



(1 + z) n+ 1 t (1 + z) 

z n+i+2 



Z 



n+l 



m+i+1 



+ 



Z 



n+i+1 



i=0 



m + i\ ( 1 + zY _ 

y m+i+l V / 



to + n + 1\ (1 + 
n + 1 



m+n+2 



A mi n(z) + 



i=l 



E^r^J + EM) 



TO — 1 



i+1 



i-iy 



m + n + 1\ (1 + z) 



n + l 



\n+i 



— ^m,n( z ) + ^ ] 
("I) 



j=0 

m + n + 1 
n + 1 



m+n+2 

n + i 
i 



+ EI- 1 ) 



i=0 



;//n + ^ (l + z) n4i 
i 



+ 



n+l 



n+i+2 



Z 



n+i+2 



1) <+1 

\ 4 
+ (-l) m+1 



■1)* 



n + i 

to + n + 1 
n+ 1 



(1 + z, 



,n+l 



(1 + ^) n+1 



Am^n^Z^j . 

Thus we have 



which is clearly equal to 1. 

Proposition 5.2. Form,n G Z +; we /iat>e 

-TO — 2 — 1 



E(-i) 1 

i=0 

Proof: Set 



TO + 2 

2 



E(-d j 



E 



' - ' 1 1=0. 



D n , m (z 1 ,z 2 ) = J2(-l) i 



i=0 



m + i 



Et- 1 ) 3 



-m — i — 1 



i\ z. 



«=o W z i Zl , 
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We prove by induction on both m and n that D n ^ m {z\, z 2 ) = 0. It is clear that D 0t0 (zi, z 2 ) = 
0. We now assume that D n ^ m (zi ) z 2 ) = 0. Then 



D^ m+l ( Zl ,z 2 ) = Y^{-^Y 



i=0 



i=0 

i ( m + % 

i 



m + i + 1 



xj=0 



-m — i — 2 



D-d 

n 

B- 1 )' 



i=0 



j=0 

m + i 

i 



m — i — l\m + i+ j + l 



m + 



r^E 



3+1 



+ 



m + i 
i - 1 



= D n , m (z 1 ,z 2 )-Y,(-l) i 



; fm + i\ i 1 



i=0 



m + i 



E(-d j 



i=0 x 7 j=0 

By induction assumption, we have 

m + i 



m + 1 z\ 

— m — i — 1\ i + j 



m + 



rE 

1=0 



3+1 
l\Z J 2 



I z? +l 



-£(-1)' 



m + % 

> ) m + 1 z\ 



—m — i — 1\ i + j 

j 

i 1 



m 



iE 

1=0 



■ 3+1 

l\ z> 2 



i zi +i 



0. 
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Thus D ntm+ i(zi, z 2 ) = 0. We now deal with D n+ i im (zi, z 2 ). We have the computation: 

D n +l,m(Zl, Z2) 

n+1 , .n /n+l-i , . i\ * /-\ j+l 1 

=Zyr( r)(Z(-iy( ~ )E M ' 



E<-i>t . ) E(-i) J ( 7 )E 

m + n + 1 \ / n + 1 \ 2 9 



Z 7 7 3+% 

1=0 \ " / J=0 \ ^ / J=0 \ / ^1 



_V"r-iv^ m + ^l-r-ir+ 1 f m + n + i 

h v < Ai 1 j v n+i 



m + A f-m-i- A ^ /A 



+ ^_^ n+1 /m + n + A + 1\ 4 



n + i yf^v / y^ +1 

n+1 n / , -\ / • 1 \ / . ' 

+1 / m + A / — m — 1 — A I % \ z 2 



EEi- 1 ) 

Z'=l i=0 

+ Vf-ir +1 / m + n + 1\ /n + 1\ 

fe l ] V n+1 A A n 



n + 1 — i } \ V — n — 1 + i 



v n+l 



n+1 n , 1 \ ,. , 

_ ^ y~v ^ //" + + I \ / // + J 



Z'=l i=0 
n+1 



n + i y v z ; y \n + 1 - *y z \ 



v n+l 



1 r +1 f m + n + 1 \f n + 1 \ 4 

h v n+1 /' Ar 



n+1 

,, =1 \ '* -r - / \ ' / - 

= 0. 

The Proposition is proved. 

Proposition 5.3. Let k,l e Z + be such that k + 1 — I > and I > 1, then 

k+l-l / IN k+l-l-j 



Mil) e A^r 1 )^ 

j=0 v J / i=0 



z v 
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Proof: We prove the result by induction on I > 1. For 1 = 1, the identity becomes 

k k-j 

ED-') 1 



3 + A 1 1 



j=0 i=0 

It is easy to deduce the above formula by induction on k > 0. Now, suppose the identity 
is true for I. Then 

, /k+l-l , A k+l-l-j /;,•,■ i\ i \ J / i 



dz \ ^-^ V 7 / V z / / dz \z l 

whose left side is 

fe+l-Z / , 1X k+l-l-j /; , • , -\ -i 

=(-og(-i)'(-'; 1 )T , (-i)'(' + *. +i ) 



i+j+l+l 



j=0 \ j / i=0 

" z r\V-i) fe+i - z 1 



it + 1 - 1 j v y 2 fc + 2 



^H)D-^(- , - l )E(-i)-( i+ : +j ) 



j=0 x / j=0 

\fc+l 



z i+j+l+l 



k+2 



k + l — lj ' z k + 2 

k-l _ 1 \ fc-i-j / 

-(-oD-DH " ) Ef-D'f 

.7=0 7 i=0 

v 7 .7=0 v 



l + i+3 



i z 



-1) 



-z 



A; + 1\ 1 



Z / z k + 2 

k—l / , 1 \ k—l—j 



.7=0 \ ^ / j = o 

where in the last step we have used the assumption that fc + 1 — (Z + l) > 0. So the identity 
holds for I + 1. □ 
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